JOURNAL OF AIRCRAFT
Vol. 40, No. 3, May—June 2003

Theoretical Solutions for Finite-Span Wings of Arbitrary Shapes
Using Velocity Singularities
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This paper presents a new method of solution for the finite-span wings of arbitrary shapes, which avoids the
difficulties of the previous methods. This method uses velocity singularities in the Trefftz plane to derive the
contributions in the solution of the circulation distribution caused by the changes in the spanwise variation of
the wing chord and incidence. The new functions derived for these contributions contain both natural and forced
symmetry and antisymmetry terms (which are absent in the previous methods) and thus represent a correct
mathematical modeling of the physical problems that lead to highly accurate theoretical solutions. The method has
been validated by comparison with the solutionsobtained by Rasmussen and Smith and Carafolifor rectangular and
tapered wings of uniform incidence, and with the panel method results by Katz and Plotkin. Accurate and efficient
theoretical solutions of aeronautical interest are then obtained for wings with asymmetric incidence distributions
caused by symmetric and antisymmetric deflections of flaps and ailerons and for wings with curved leading and
trailing edges and variable incidence, which are difficult to model in current panel methods.
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dimensional Cartesian coordinates,
with by axis along the wing span and bx axis
parallel to the freestream velocity Uy,
dimensional local wing chord
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wing taper ratio, 1 —cr /cg

spanwise coordinates of ridges (where wing
boundary conditions change)

freestream velocity

perturbation velocity components along y

and z-axes on the wing (x =0)

perturbation velocity components in the Trefftz
plane (x — 00); w*(y, z) =2w(y, z)
nondimensional velocity componentin Trefftz
plane (x — 00), w*(y, 0)/ (e, Us)

complex variable in the Trefftz plane

(x > 00),y+iz

nondimensional Cartesian coordinates
(x=0bx/b,y=by/b,z=0bz/b)

mean (average) wing incidence,
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local wing incidence, oz = «(0), ar = (1)
a(y)/a,

nondimensional circulation around

a local wing section

spanwise distribution of the circulation
nondimensional circulation, I'(y)/[2bo, U]
distributed circulation on the wing, dI"(y)/(bdy)
induced drag factor, (wA/2K)[§* /(1 — a[*a)z] —1
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1. 1 1
8 = 3 fl E(y)zw*(y)[&(y) - Ew*(y)} dy
A = wing aspectratio, 4b>/S =2/c,, where

S =2b%c, is the wing area

T = lift coefficient factor, (mA/2K)[e}, /(1 — o} )] — 1
1/2K; = 12K+ +71)/mA
2K = lift coefficient slope of the airfoil
(or wing section, A — 00)
2K, = lift coefficient slope of the wing of aspect
ratio A, Cp /a,
Subscripts
R, T = chord and incidence at the wing center (root,
y =0) and at the wing tip (y=1)
Superscripts
A, S = coefficients of the antisymmetric and symmetric

incidence variations, respectively

I. Introduction

HE flow past wings of finite span has been extensively stud-

ied over the past six decades for its application in the aero-
dynamic design. The classical lifting line theory developed by
Prandtl and Glauert"? established the foundation of the wing aero-
dynamics and provided the means for the computation of the
aerodynamic forces, including the lift and induced drag. Numer-
ous other methods of solution based on the lifting surface the-
ory, on boundary element (or panel) methods, or using flowfield
solvers based on various computational formulations, such as fi-
nite difference, finite volume, or finite element, have been devel-
oped for this problem in the last decades. Some of these meth-
ods (including those based on the lifting-line theory) are presented
in books elaborated by Anderson? Bisplinghoff et al.,> Carafoli,*
Karamcheti;” Katz and Plotkin,® Katz,” Kuethe and Chow,® Milne-
Thomson,” McCormick,!° Robinson and Laurmann,'! Schlichting
and Truckenbrodt,'? Thwaites,'* Von Mises,'* and others. Although
recently developed methods provide good accuracy and can also
take into account more complex wing features, methods based on
the lifting-line theory are still used for a fast estimation of the span-
wise load distribution and the basic aerodynamic characteristics
of unswept wings. The lifting-line theories can also provide more
physical insight of the influence of the wing geometrical shape and
incidence variation on the overall aerodynamic forces (lift and in-
duced drag) and on the spanwise distribution of local lift.

In classicallifting-line theory the wing is modeled by a spanwise-
variablebound vortex and a sheet of free semi-infinite vortices; these
are introduced to satisfy the Helmholtz vortex theorem. This leads
to a mathematical formulation represented by a singular integro-
differential equation, which relates the spanwise distribution of the
circulation with the spanwise variations of the local wing chord and
incidence via the normal-to-wing velocity component induced by
the free vortex sheet. The indirect problems, with a specified circu-
lation distribution, are more easily solved for the spanwise variation
of one or the other of the local wing chord or the local incidence.
However, the direct (physical) problem, which is the determination
of the circulationdistribution for specified spanwise variation of the
wing shape and incidence, is more difficult to solve.

For the direct problem the classical lifting-line theory uses an in-
finite Fourier series expansion, which leads to an algebraicequation
for the a priori unknown coefficients to be satisfied everywhere on
the wing. This infinite series is eventually truncated to a finite num-
ber of terms, and the manner in which these unknown coefficients
is determined distinguishes the numerous lifting-line methods that
have been developed for this problem.

The most widely used schemes, such as that developed by
Glauert,! are based on a collocationapproach, which requires the re-
sulting algebraicequationto be satisfied at an equal number of points
alongthe wing span,leadingto the solutionof alinearsystemof alge-
braic equations. A more accurate approach using Gaussian quadra-
tures has been developed by Multhopp.!* However, the accuracy of

the collocationmethods depends substantially on the selection of the
collocation points, especially when the wing chord and incidence
have spanwise variations.Nevertheless, the collocationmethods are
most widely used and presented in recent aecrodynamics books 316

Other methods'’ ! use variational formulations to determine the
Fourier coefficients of the circulation, which avoids some of the
difficulties encountered by the collocation methods.

Another interesting class of methods, such as those developed
by Carafoli,** Karamcheti, and Lotz,?! uses Fourier expansions
for the wing incidence and the inverse of the local chord. In par-
ticular, the method developed by Carafoli* is based on efficient
cosine expansionsof the inverse of the chord (with only three terms
to appropriately represent the tapered wings) and uses a Fourier
identification procedure to determine the Fourier coefficients of the
circulation.

Recently, Rasmussen and Smith?? developed a method based on
a Fourier-series analysis to determine the coefficients of the infinite
series expansion of the circulation. This method uses Fourier-series
expansions for the spanwise variations of the local chord (not its
inverse) and incidence in the case of right-left symmetry. The re-
sulting infinite set of equations is then truncated to determine the
first N unknown coefficients by solving an algebraic system of lin-
ear equations. For the same level of truncation, this method was
found to converge faster and yield more accurate results than the
collocation methods.

All of the lifting-line methods mentioned in the foregoing are
directly based on the bound and free vortex scheme developed
by Prandtl. They also use an infinite Fourier-series expansion of
the spanwise variation of the circulation to express the integro-
differentialequationin algebraic form. The lifting-line methods use
various schemes to reduce this algebraic equation (which should be
satisfied everywhereon the wing span) to an infinite system of equa-
tions. This infinite system of equations is then truncated to a finite
number N of equationsto determinethe first N unknown Fourier co-
efficients of the circulation. In all methods the truncation procedure
is based on the assumption that the coefficients decrease monotoni-
cally with their rank, which is not always the case for various wing
configurations (e.g., for several tapered wings the fourth coefficient
is larger by an order of magnitude than the second and third ones, as
calculated in Ref. 18, where a Fourier expansion truncated to four
terms was considered).

In general, the Fourier-seriesexpansionsare not convenientfor the
wings with changesin the spanwise variationof the chord and/or in-
cidence; these changes can be generated by the deflection of control
surfaceslocated on the wing. In these cases a larger number of terms
in the truncated Fourier expansionsof the circulationis needed, and
the solutions are less accurate and contain spurious spanwise 0s-
cillations. The inability of the Fourier-series expansions to model
the sudden geometrical changes has been shown by Mateescu and
Newman®? (in Fig. 2, p. 791) for flapped airfoils.

The aim of this paper is to develop a new method of solution
for the wings of finite span based on velocity singularities. (The
term of velocity singularities was first introduced in Ref. 24.) The
approach differs from the Prandtl and Glauert’s lifting-line theory
and the methods based on the Fourier-seriesexpansionof the circu-
lation. This new method more rigorously accounts for the sudden
changes in the wing geometry and incidence variations (caused by
the deflection of control surfaces along the wing span). New special
functionsare derivedin this method to representthe contributionsof
these changesin the solution of the circulation. Thus the difficulties
introduced by the use of Fourier-series expansions are avoided.

The methods based on velocity singularities determine the spe-
cific contributionsin the velocity solution that are related to singular
points on the wing or airfoil, where the boundary conditionschange.
These contributions are determined by taking into account the sin-
gular behavior of the fluid velocity at the singular points and satisfy
all other boundary conditions (including Kutta conditionat the trail-
ing edge of an airfoil); these contributions are similar to the Green
functions associated to these changes.

In subsonic flows, methods based on velocity singularities
were first developed by Mateescu,>> Mateescu and Nadeau,?® and
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Mateescu and Newman?® for the analysis of the steady flows past
rigid, flexible, or jet-flapped airfoils. More recently, velocity singu-
larity methods have been also developed for the nonlinear aerody-
namic analysis of airfoils (Mateescu®’) and for the unsteady flows
past oscillating airfoils (Mateescu and Abdo?®). Methods based on
velocity singularities have also been successfully developed for
the analysis of wings and wing-body systems in supersonic flows
(Mateescu?*). In all of these subsonicand supersonicflow problems,
the velocity singularity methods yield efficient theoretical solutions
in closed form.

In this paper, for the analysis of finite-span wings, velocity sin-
gularities are considered on the trace of the free vortex sheet in the
Trefftz crossflow plane (situated downstreamat infinity), in contrast
to the placementof velocity singularitiesdirectly on the airfoil?*2%-26
or on the wing.>*

New special functions are derived in this method for the con-
tributions caused by the changes in the wing incidence and chord
variations in the solution of the circulation. The solutions contain
both natural and forced symmetry and antisymmetry terms, which
lead to a correct mathematical modeling of the physical problem.
(The forced-symmetry terms were absent in the preceding methods
using Fourier expansions.)

The method is first validated by comparison with the lifting-line
solutions obtained by Rasmussen and Smith?? for the rectangular
and tapered wings of uniform incidence and with results obtained
with a panel method (Katz and Plotkin®). Then this method is used
to obtain efficient new solutions for wings with changesin the wing
incidence and chord variations caused by symmetric and antisym-
metric deflections of flaps and ailerons and for wings with curved
leading and trailing edges and continuously variable incidence.

II. Method of Solution Based on Velocity Singularities

Consider an unswept thin wing of span 2b placed in a uniform
stream of velocity U,,. The wing geometry is defined by a speci-
fied spanwise variation of the local chord bc(y), where c(y) is the
nondimensionallocal chord, and by a specified variationof the local
wing incidence (), which includes the geometric incidence of the
local wing sectionwith respectto the velocity Uy, and the added-by-
camberincidence,representingthe effectof the wing sectioncamber
(including also the effect of a local flap or aileron deflection).

The velocity components v(y, z) and w(y, z) along the y and
z axes in the wing crossflow plane (x =0), and the corresponding
velocity components v*(y, z) and w*(y, z) in the Trefftz plane sit-
uated at x — oo, are harmonic functions in incompressible flows,
satisfying the Laplace equation. Thus, a nondimensional complex
conjugate velocity

UX) = vy, 2) — iw*(y, z) o

o2 Uoo

canbe defined in the Trefftz plane in functionof the complex variable
X=y+iz.

The circulation I'(y) around a wing section corresponds to the
intensity of a bound vortex, which is variable along the span (as
shown in Prandtl’s vortex model). The spanwise variation of the
intensity of this bound vortex is related (according to Helmholtz’s
vortex theorems) to a semi-infinite vortex sheet of distributed vor-
tex intensity y (y) =dI'(y)/(b dy), for y € (—1, 1). This local free
vortex intensity y (y) is related to the spanwise velocity component
v*(y, z) on the vortex sheet trace in the Trefftz plane (considering
an infinitesimal control volume around a portion b dy of the free
vortex sheet) in the form

vy, 0) =y (/2 @

The vertical velocity component on the wing (x =0), w(y, z)
is induced by this semi-infinite vortex sheet of intensity y(y),
whereas the corresponding velocity component w*(y, z) in the
Trefftz plane (x — o0) is induced by an infinite vortex sheet of
the same intensity (according to Helmholtz’s vortex theorem), and
hence w*(y, z) =2w(y, z).

In the aeronautical applications the wing chord and incidence
variations can present sudden changes along the span. For example,
sudden changesin the spanwise variation of the incidencecan result
from the designed wing twist, or from deflected control surfaces,
such as the ailerons or flaps situated on the wing. These sudden
incidence and/or chord changes induce changes in the variation of
the velocity componentw*(y, 0) on the trace of the free vortex sheet
in the Trefftz plane.

Consider the general case of a wing with two such changes on the
vortex sheet trace in the Trefftz plane located at y = s, and y = —s,,
defined by the boundary condition

IMAG{U (X)}x =y = —w™(¥) (3a)

wi(y) = Wo(y) + H(st, Wi(y) + H(sz, —y)Wa(y)  (3b)

where w*(y), H(s1, y),and H (s,, —y) are definedin the Nomencla-
ture, and where W, (y), W, (y), and W, (y) are prescribedpolynomial
functions of y. Because y (y), and hence v*(y, 0), is zero outside
the free vortex sheet, the additional boundary condition results:

REAL{U (X)}y_, =0 for y<—1 and y>1 (4)

This flow problem is similar to the two-dimensionalincompressible
flow past a thin plate characterized by the boundary conditions (3)
and (4), which can be solved using the method of velocity singular-
ities (see Refs. 23, 24, and 28).

A. Prototype Problem Solution

Inthe case when Wy (y) = By, Wi (y) =W, and W, (y) =W, are
constant (where § W, and 6 W, might or might not be infinitesimally
small), the complex conjugate velocity U (X) is characterized (as
shown in previous papers*>?*2®) by singularitieslocated at the plate
edges (y ==1) and at the ridges y =s; and y = —s, (where the
boundary conditions suddenly change): (1 — X)~1/2, (1 + X)~!/2,
ba(s, — X), and n(s, + X). Thus, the solution for the complex con-
jugate velocity can be obtained using the method of velocity singu-
larities (see Refs. 23, 24, 28, and 29) in the form

Ag+ AX

V1 —X?

UX) =ipo+ —8WiG(s1, X) + 8W2G (52, —X)  (5)

where G (s;, X) and G (s, —X) representthe singular contributions
of the ridges situated at y =5, and y = —s,, respectively, and are
defined in the Nomenclature. The second term of the right-hand
side represents the singular contributions of the plate edges (corre-
sponding to the wing tips). The constants A and A, are determined
from the conditions[U (X)]x -, x =0andI'(1) =I'(—1) =0, where
the nondimensionalcirculationI"(y) = I'(y)/[2ba, U ] on the wing
trace in the Trefftz plane is obtained from Eqgs. (1) and (2) as

1
T(y) = —f REAL[U (X)]x =, dy (6)

Thus, for A, Ay, and f'(y) the following expressions result:
A =B+ W C(s1) +3W,C(s2) @)
Ao = [sWiv/T =57 = sWor/1 =53] / ®)
F(3) = AVI= 32 +8Wi(y = )G 51, ) = 8Wa(y +5)G (53, =)
€)
where G (s;, y) and G(s,, —y), which represent the real parts of

G(s;, X) and G(s,, —X) for X =1y, and C(s) are defined in the
Nomenclature.
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B. Complete Problem Solution

For the general wing problem defined by Eq. (3), the sud-
den changes in the boundary conditions at y =s; and y = —s;
are represented by the ridge contributions W, (sl)é(sl, X) and
W, (sz)é(sz, —X)in U (X). The variationof the boundarycondition
(3) related to Wy (y) can be modeled by a continuousdistributionof
elementaryridges defined by the contributions[W; (o) da]é(a, X)
andrespectively [— W (—o) da]é(a, —X) for0 <o < 1. The vari-
ations related to W, (y) and W, (y) can be modeled by two continu-
ous distributions of elementary ridges defined by the contributions

[W/(0)do1G (o, X) for s; <o <1 and [-W}(—0)do ]G (o, —X)
for s, < 0 < 1, respectively. Thus, one obtains

1
L) =f [(Wo(0)G (o, y) + Wo(=0)G(o, —y)]do
0

1 1
+ f Wi (0)G (o, y)do +f Wy(=0)G (o, —y)do  (10)

s 52
The general polynomial representationsfor the functions Wy (y),
Wi (y), and W,(y) on the vortex sheet trace in the Trefftz plane are

Way) =Y By
k=0

(1D

where in general B, = 8 + B for y > 0 and B, = (—1)*(8; — B{*)
for y <0, in which the superscripts S and A correspondrespectively
to the symmetric and antisymmetric variations of the wing incidence
(which refers to the right-left symmetry). ~

The general solution of the nondimensional circulation I'(y) on
the wing can thus be obtained as

2n

Wo) =Y Aut. Wi = Zﬂky :
k=0

n

P =Y [BF ) +BLF )]

k=0
+ ) [BlEGsi, y) + D} B Fe(sa, —)] (12)
k=0
k+1
FL0) = bt rn g Go) + = ;emlk Y (12a)
. _yk+1_s 1 1—y2
Fk<s,y)—k+—lG< NI . ka J©)y' (12b)

where Go(y), G(s, y), &, I;, and J;(s) are defined in the Nomen-
clature.

The general solution (12) of the spanwise variation of the cir-
culation was obtained for an arbitrary wing geometry and for a
general spanwise variation of the incidence. The latter includes
both symmetric and antisymmetric incidence variations with re-
spect to the central chord, with or without sudden changes on the
wing caused by the deflection of the control surfaces (such as flaps
and ailerons). This general solution includes all cases of the natu-
ral and forced symmetry and antisymmetry of the wing chord and
incidence variations.

The new functions Fko(y) and Fk1 (y), corresponding to the su-
perscripts ¥ =0 and 1, take into account the continuous symmetric
and antisymmetric variations of the wing incidence. They include
the function G((y), which takes into account the discontinuities at
y =0 that are introduced by the forced symmetry (and antisymme-
try) terms in the wing chord and incidence variations. The forced
symmetry terms are not considered in the preceding methods, al-
thoughthey clearly have an effecton the spanwise distributionof the
circulation for tapered wings, which is not continuous at y =0 (in
contrast to the rectangular wings), as shown in Sections III and V.B.

The new functions ﬁk (s, y) and ﬁk (55, —Y) in the general solu-
tion (12) take into account the changes in the wing incidence and

chord at y =+, and y = —s, (related to the deflection of the control
surfaces located on the wing). These specific contributions related
to the wing discontinuities, derived here for the first time, are not
taken into account in the earlier methods using Fourier expansions
of the circulation, as the Fourier expansions are not suited to model
aerodynamic discontinuities?*

C. Determination of the Coefficients 3;

To determine the unknown coefficients B;, consider the fol-
lowing expression of the local nondimensional circulation around
the wing section I', (y), which depends on the effective incidence
oep(Y) =a(y) —w(y,0)/Us = aula(y) —w*(y)/2]:

FL() = tKeen[a) — Lu ()] (13)

where w*(y) and a(y) are defined in the Nomenclature, and
K =Cyp,/2 is half of the lift coefficient slope (C;, =dC;/da).
Thin airfoil theory gives K =, and Carafoli* recommends
K =(0.85—0.95)7 to include the viscous effects on the lift co-
efficient slope.

The equality of expressions (12) and (13) of the circulation at
any location along the span yields an equation that can be used to
determine the unknown coefficients 8;: I'(y) =T, (y).

To determine the coefficients S, one might use the collocation
method (which was extensively used in the lifting-line methods
based on Fourier expansions)by imposing the preceding equality to
be satisfied at specified locations along the wing span, in order to
obtaina system of linear equations for ;. However, the accuracy of
the solution provided by the collocation procedure (which usually
leads to spuriousoscillations)is not very good, especiallyin the case
of sudden changes in the wing geometry and incidence variations,
when the selection of the collocation points becomes a challenging
process.

1. Present Solution Procedure

A special procedure similar to the Galerkin technique is devel-
oped in order to obtain an enhanced accuracy of the solution. In this
procedureasystemof N + 1 linearequations(with the same number
of unknown coefficients f) is obtained by multiplying the equa-
tionI'(y) =T'; (y) with y’, wherei € {0, 1, ..., N}, and integrating
along the wing span:

1 1
f Ty dy= f T.(y)y' dy (14)

1 1

In contrast to the collocationmethod, Eq. (14) yields a better res-
olution of the incidence variation and wing geometry and a better
accuracy for a given number of unknown coefficients. To formally
justify this improved solution procedure, one can note that the poly-
nomial terms can be expressedas a sum of Tchebyshev polynomials

) 1 n
= — CrT, _
y Y ; i %(y)

where CF are the binomial coefficients. Thus, the system of
equations (14) is equivalent to the system of equations

1
f [[(y) = T.WMIT;(y»)dy =0
-1

where the Tchebyshev polynomials 7;(y) are used as orthogonal
test functions.

It is also worth noting that the integrals appearing in Eq. (14) are
also present in the calculation of the lift coefficient (those for i = 0)
and the induced drag coefficient (those for i > 0) because w*(y)
has a polynomial representationdefined by Eqgs. (3) and (11). This
enhances the accuracy of the improved solution approach and sim-
plifies the calculationof the aerodynamiccharacteristicsof the wing
by using the simpler expression I, (y) of the circulation, instead of
I'(y), which usually is more complicated.
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2. Aerodynamic Characteristics
The lift and induced drag coefficients C;, and Cp; can thus be
calculated using ', (y) by the equations

1
C.= kaaf TL(y)dy, Cr =2K(otq —ia) (15a)

1

1
1 _
Coi = ha? f SEMR0)dy, o =2Kals" (15b)

-1

[ 1
Qi = Q0] af, = —f cy)zw (y)dy (15¢)
2).,72

Y AN DN 1_,
8= zfl co)Zw (y)|:a(y) — W (y)} dy  (15d)

where the wing aspect ratio A is defined in the Nomenclature. By
analogy with the elliptic wing, one can define

C, =2K,a,, 12K, = 1/2K + (1 + 1)/7)  (16a)

Coi = (C2/72)(1 +9), tia = (Co/aM)(1+ 1) (16b)
where 2K, and 2K are the lift coefficient slopes for the wing of
aspectratios A and for a two-dimensional airfoil (A — 00), respec-
tively. The lift and induced-drag factors T and § are

T = @r2K) e, /(1 —ap)] -1
§= (nA/ZK)[S*/(l = a;;)z] -1 (17)

III. Solutions for Symmetric Wings with Continuous
Incidence Variation

Consider the general symmetric variation of the wing chord and
incidence in the form

E) =Y Enlyl™, ay =y @yl (8)

m=0 j=0

which can represent any continuous variation of the chord and in-
cidence along the wing span, including the case of the wings with
curved leading edges. For symmetric wings (8¢ =0 and B = 8;)
the general solution (12) is substantially simplified to

2n

P =Y BF) (19)

k=0

This solutionincludesboth the even and odd terms in k that corre-
spond to the natural and forced symmetry terms, respectively. This
ensures a correct and more general mathematical formulation of the
physical problem, for example, the chord variation of tapered wings
contains a forced symmetry term c(y)/cg = 1 F gy, where the up-
per and lower signs refer to the right and left sides, respectively.
Moreover, by considering both even and odd terms the highest or-
der k =2n for the same number of coefficients f; is substantially
reduced (by almost a half). This avoids the presence of spurious os-
cillationsin the solutionof the spanwise variation of the circulation,
in contrast to the methods that use Fourier series restricted only to
the even (natural-symmetry) terms.

The functions F,? (y) contain, as shown in Egs. (12), the function
Gy (y), which takes into account the geometrical discontinuities at
y =20 (as in the case of the chord variation slope for trapezoidal
wings), which are associated with the forced symmetry terms.

Equation (14) is used to determine the coefficients g;. This is
written as a system of N =2n + 1 linear equations in matrix form,
forie{0,1,...,2n}andk€{0,1, ..., 2n}:

{Bii}[Bi] = [Di] (20a)

k
T 281 Livig
B, =E; —_— Lil,_ ;P + ————— 20b
I 'k+k+1;’k’”+k+lk+z+2 (20b)
nm Mj - -
C,, 0 ;
D; = Kc, _— 20c
Z. m+j+i+l el
m=0j=0
E Cn P I (20d)
ik = T Ca —_— =
D) — m +k+i+ 1 T k+2)

The aerodynamic coefficients can then be determined from
Eqs. (16), where o}, and §* are

nm_ 2n

1 Emﬂk
s S e 21
R k+m+1 (212)
m=0k=0
1 nm 2n nj 5
== Em )
22:%; P ;k—l—m—l—j—l—l

_liL (21b)
2kt m

A. Solutions for Rectangular and Tapered Wings: Method Validation

The present method was validated by considering the flow
over flat rectangular and tapered wings. The geometry of the
flat trapezoidal wing of taper ratio g is defined by c(y)=
cr(I—qlyD), () =a,=ag, ¢,=1—q/2)cg=2/A, co=cg/
c,=1/(1—-¢q/2), ¢, =—qcy, and o =1. In this case the coeffi-
cients D; and E; ; defined in Egs. (20) are

D; = Kc,[co/(i + 1) +¢1/( +2)] (22a)
E y=Kc,co/tk+i+1)+c/(k+i+2)]/2 (22b)

where K =7 is used in most of the following numerical examples.
_ The presentsolutions for the spanwise variation of the circulation
I'(y) and the lift and induced drag factors T and § are compared in
Tables 1 and 2, for the purpose of validation, with the results ob-
tained by Rasmussen and Smith?? for a rectangular wing (¢ = 0) of
aspect ratio A = 6 and for a trapezoidal wing of taper ratio ¢ = 0.6
and A =9. For a more meaningful comparison in the same tables
are also given the results obtained with a panel method (Katz and
Plotkin®) for I = 8 panels along the chord and J = 10 panels along
the wing semispan (or 20 panels along wing span), and for this
reason the values of I'(y) are given at the panel centers. (The so-
lutions calculated with J =20 panels displayed very small changes
compared with J = 10.)

The present solutions based on velocity singularities are in very
good agreement with the results of Rasmussen and Smith?? for both
the rectangular and trapezoidal wings. The present solutions ob-
tained with n =35 show a very good accuracy, although those for
n =3 and 4 are also accurate (even n =1 provides an acceptable
engineeringaccuracy). This can also be seen from the average rela-
tive differences e between these solutionsfor I'(y) and the relative
differences for the lift and induced-drag coefficients 7 and ¢p also
shown in these tables. The spanwise variation of I'(y) in the present
solutions is smoother than in the Rasmussen and Smith solution,
which has slight oscillations especially near the central chord (e.g.,
the values at y =0.05 were slightly larger than those at y =0, in-
stead of smaller); this is probablycaused by the absence of the forced
symmetry terms. The effect of the forced symmetry terms in the cir-
culationdistribution,which is not continuousat y = 0, can be seenin
Fig. 1 (and more clearly in Sec. VB, which including both the right
and the left sides of the wing). For trapezoidal wings the present so-
lutions were found to be slightly closer to the panel method results
(Katz and Plotkin®) than Rasmussen and Smith solutions were.

The variations with the wing taper ratio ¢ of the lift and induced
drag factors T and § calculated with n =15 for four values of the
aspectratio A are compared in Fig. 2 with the panel method results
(Katz and Plotkin®). A good agreementis found between the present
solutions and the panel method results, especially for A > 3 (even
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Table 1 Values of T'(y), 7, and § for a rectangular wing (g =0) of A\=6

Panel method Katz Rasmussen
Present solution of f(y) and Plotkin® and Smith?2
y n=1 n=2 n=3 n=4 n=>5 I1=8,7=10 8-term
0.00 0.4396 0.4332 0.4323 0.4321 0.4320 —_ 04312
0.05 0.4377 0.4319 0.4315 0.4316 0.4317 0.4285 04317
0.15 0.4299 0.4289 0.4303 0.4304 0.4302 0.4269 0.4303
0.25 0.4214 0.4268 0.4274 0.4267 0.4269 0.4234 0.4270
0.35 0.4143 0.4231 0.4214 0.4215 0.4217 04184 04214
0.45 0.4084 0.4152 0.4130 0.4139 0.4135 0.4107 0.4135
0.55 0.4018 0.4019 0.4021 0.4019 0.4020 0.3996 0.4021
0.65 0.3909 0.3829 0.3855 0.3845 0.3848 0.3821 0.3847
0.75 0.3687 0.3564 0.3580 0.3583 0.3579 0.3554 0.3579
0.85 0.3217 0.3140 0.3117 0.3124 0.3127 0.3104 0.3127
0.95 0.2106 0.2150 0.2139 0.2131 0.2127 0.2118 0.2127
T 0.1481 0.1589 0.1602 0.1605 0.1606 0.1635 0.1606
) 0.0540 0.0495 0.0486 0.0484 0.0483 0.0474 0.0483
Crq 4.5442 4.5323 4.5309 4.5306 4.5305 4.5273 4.5305
Cp; 1.1547 1.1438 1.1420 1.1416 1.1415 1.1390 1.1415
er, % 0.453 0.124 0.052 0.026 0.015 —0.635 —_
er, % 0.302 0.040 0.009 0.002 0.000 —0.070 —_
ep, % 1.156 0.198 0.046 0.013 0.003 -0.223 —_
Table 2 Values of T'(y), 7, and § for a trapezoidal wing of ¢=0.6 and A=9
Panel method Katz Rasmussen
Present solution of T'(y) and Plotkin® and Smith??

y n= n=2 n=3 n=4 n=>5 I1=8,7=10 8-term
0.00 0.3813 0.3775 0.3765 0.3762 0.3761 —_ 0.3735
0.05 0.3782 0.3741 0.3737 0.3738 0.3740 0.3724 0.3737
0.15 0.3633 0.3622 0.3638 0.3639 0.3636 0.3625 0.3643
0.25 0.3441 0.3486 0.3492 0.3483 0.3486 0.3470 0.3486
0.35 0.3244 0.3324 0.3300 0.3304 0.3305 0.3291 0.3299
0.45 0.3053 0.3116 0.3089 0.3101 0.3095 0.3089 0.3098
0.55 0.2868 0.2863 0.2871 0.2866 0.2869 0.2855 0.2871
0.65 0.2674 0.2586 0.2625 0.2611 0.2614 0.2600 0.2611
0.75 0.2432 0.2306 0.2322 0.2331 0.2324 0.2320 0.2325
0.85 0.2061 0.1998 0.1958 0.1966 0.1973 0.1957 0.1973
0.95 0.1321 0.1400 0.1391 0.1376 0.1368 0.1376 0.1369
T 0.03231 0.04711 0.05044 0.05127 0.05153 0.05250 0.0514
) 0.01353 0.01670 0.01583 0.01538 0.01521 0.01494 0.0152
Crq 5.1108 5.0971 5.0941 5.0933 5.0931 5.0922 5.0932
Cp; 0.9363 0.9342 0.9323 0.9316 0.9314 0.9308 0.9314
er, % 0.536 0.280 0.150 0.084 —0.033 —0.300 —_
er, % 0.345 0.077 0.017 0.002 —0.002 —0.020 —_
ep, % 0.526 0.303 0.097 0.023 —0.003 —0.065 —_

for triangular wings ¢ = 1). One can notice that the induced drag of
the trapezoidal wings with a taper ratio between ¢ = 0.6 and 0.65
is very close to the minimum induced drag of the elliptic wings (for
which 6§ =0).

The influence of the aspect ratio A on the spanwise distribu-
tion of the circulation is shown in Fig. 1 for rectangular (¢ =0)
and trapezoidal (¢ =0.6) wings. The influence of the wing taper
ratio ¢ on the spanwise variation of the local lift coefficient
Ci(y)/CL=Q2/K,)['(y)/c(y) is illustrated in Fig. 3a for A =9,
and the variation of the lift coefficient slope C,, =2K in function
of g for four values of A is shown in Fig. 3b. A comparison between
the spanwise varitions of the circulation I'(y) for tapered wings of
various values of the taperratio ¢ and elliptic wings is illustrated in
Fig. 4 for A =2K, where K =0.97 was used to take into account
the viscous effects on the lift coefficient slope, as recommended by
Carafoli.* Good agreement is found between the present solutions
and the results of Carafoli.*

B. Wings with Curved Leading and Trailing
Edges and Variable Incidence

The solution (19) of the circulation f’(y), as well as the general
solution (12), includes also the case of curved leading and trailing

edges with a variable incidence along the span. Wings with curved
edges are more difficult to be modeled using panel methods (and in
general by numerical methods), but they are easily solved with the
present method.

The solution (19) for wings with curved leading and trailing
edges is illustrated for a wing with a parabolic chord variation
c(y) =cx(1—qy?),c,=(1—q/3)cg =2/1,é=1/(1 —q/3),and
¢, = —qc¢y. Two incidence variations have been considered for this
wing: 1) a parabolic incidence variation a(y) = ag (1 + ay?), for
which ap=ar/a, =3 —q)/3—q+a—3qga/5) and &, =aay;
and 2) a uniform incidence a(y) = a, =ag, with @y =1 (which
corresponds to a =0).

The solutions obtained for these wings are shown in Fig. 5 for
A =9 and ¢ =0.6. Three cases of parabolic incidence variation
(a=0,0.4,and 0.8) are considered. The nondimensionalcirculation
TCr(y) =T (y)/[2barUs]isusedto compare the influence of the in-
cidence variation. The solution for a trapezoidal wing of uniform
incidence ag with the same root chord cg and taper ratio ¢ =0.6
[correspondingto the aspectratioA =9(1 — ¢/2)/(1 —g/3)]isalso
shown for comparison. As expected, the circulation I'g (y) for the
trapezoidal wing is smaller than that of the wing with curvedleading
and trailing edges of the same incidence ag.
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IV. Solutions for Symmetric Wings with Incidence
and Chord Changes

A. General Case

In many cases the wings have sudden changes in the spanwise
variations of the geometrical shape (chord variation) and incidence.
The latter is usually as a result of the deflection of control sur-
faces located on the wing, such as ailerons or flaps. Consider such a
symmetric wing with sudden changes of incidence and/or geometry
occurringat y = and y = —s defined by

E(y) = Zm: [Em + H(S, y)(t:l + H(S,

m=0

»es iy (23a)

nj

a0 =Y & +H &+ Hes, —pa ]yl (23b)

j=0

where H (s, y) and H(s, —y) are defined in the Nomenclature. In
this case (B =0, B = B, B} = (—1)* B} = Bi), the simplification
of the general solution (12) yields

2n

L) = ZﬁkF“<y)+Zﬁk[Fk<s N+ B -1 @

The new functions ﬁk (s,y)+ ﬁk (s, —y) represent the specific con-
tributions of the symmetric changesin the wing incidence and chord
aty=sand y =—s.

The unknown coefficients S, are determined from the system of
equations (in matrix form)

{Bix + B} B + { B, } 1B = [D; + D] (25a)
_ K /im 1— sm+k+[+l
Bii=—c, Y & —— 25b
s ZLZ_:’”m—G—k—G—t—G—I (250)
- k ghti+2
B:szik+k__HZ£ij—j(s)Pj+[_Zg[,lmGU(s)

j=0
k+i+2

Vi—stf 2 & .
+— k__HZZj+11j+[+lsk /
j=0

- Zg[.jljsk““’) (25¢)

j=0

nm_ Mj 1 —gmtititl

Df = Ke, Z:% ; [énas + ¢ (a, + &*)]—m ey N CED)
. K Tim ~ - 1 —gmtkti+l
Ej == > @+ C’”)m (25¢)

m=0

where B;; and D; are defined in Eqgs. (20).

B. Trapezoidal and Rectangular Wings
with Symmetric Incidence Changes

The solution (24) of the spanwise variationof I" (y) isillustratedin
Fig. 6 for the case of rectangular (¢ = 0) and trapezoidal (¢ =0.6)
wings. These wings have sudden changes of incidence from o
to oy at y ==+s==0.5. For a meaningful comparison the wing
solutionscomparedin Fig. 6 correspondto the same average (mean)
incidenceq,, and hence ar =ar /o, andag = ar/«a, arerelated by
ar=dp+(1-ar)2-q)/[0=5)2—g—gs)]. .

The present solutions for A =9 (calculated with n =3 and n =4)
are in very good agreement with the panel method (Katz and
Plotkin®) results.

This shows the utility of the functions ﬁk (s,y)+ ﬁk (s, —y) to
represent the contributions of the symmetric changes in the chord
and incidence variations. The Fourier series used in the preced-
ing methods are not capable of accurately modeling these sudden
changes.

The influence of the location of sudden changes in incidence,
s =0.4, 0.5 and 0.6, is shown in Fig. 7 for rectangular (g =0) and
trapezoidal (g =0.6) wings of aspect ratio A =9 and agx =0. The
nondimensionalcirculation'7 (y) =" (y)/[2bar U] is usedin this
case. The present solutions are found in good agreement with the
panel method (Katz and Plotkin®) results.
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Fig. 6 Symmetricwings with incidence changes caused by control sur-
face deflection (flaps): variation of I'(y) along span.
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V. Solutions for Wings with Asymmetric
Incidence Variation

A. Wings with Antisymmetric Incidence Variation
1. General Case

The wing incidence might have an antisymmetric variation of
incidence, either continuous,such as «(y) = ary (which might cor-
respond to the effect of a rolling rotation of the wing), or varia-
tions suchasa(y) = H(s, y)ar — H(s, —y)ar, which corresponds
to antisymmetrically deflected ailerons. Consider such a wing with
the symmetric chord variation [Eq. (23a)] and an antisymmetric
variation of incidence defined by

2n+1
) = Y [Swa; + H(s, )&t — H(s, & ]Iyl (26)

j=0

where H(s,y) and H(s, —y) are defined in the Nomeclature
and S,,(y) represents the sign of y, that is, S,,(y) =1 for y>0
and Sy, (y)=-—1 for y <0. In this case [Bf =0, B =p, and
Ekl =(—=DF* IB,f = Al the general solution (12) of the circula-
tion is simplified as

2n

L) = ZﬂkF <y)+Zﬂk[Fk<s n=FE6-»1 @D

The new functions ﬁk (s,y)— ﬁk (s, —y) represent the specific con-
tributions of the antisymmetric changes of the wing incidence at
y=sand y=—s.

The unknown coefficients B, can be determined from the follow-
ing system of equations:

{B,x + B, }B) + {Bf } 1Bl = [D; + Df] (28a)

~ L iy
B, =E; L 1 i e 28b
I .k+k+llz_; el j Py +é’k0k+l+2 (28b)
. k+i+2
B, = +— i T i(P;; — 28 o——G(s
ik = k+1 U/+1k )Py g'0k+i+2 0(s)
.

RS _Zz'l'ﬂﬂskﬁ
kti+2|k+14~ I
iz

_Zg[.j+11jsk+l+[7j (28c¢)

j=0

where D;, E;;, BL o DI ES,
(25) and in the Nomenclature

and g; ; are defined in Eqgs. (20) and

2. Trapezoidal and Rectangular Wings
with Antisymmetric Incidence Changes

The solution (27) of the circulation is shown in Fig. 8 for the
following cases of rectangular (¢ = 0) and trapezoidal (¢ =0.6)
wings with A =9: 1) wings with a continuous antisymmetric linear
variation of incidence «(y) =cw7ry (which may correspond to the
effect of a rolling rotation of the wing); and 2) wings with sud-
den antisymmetric changes of incidence, from o =0 to *ar, at
y==s, for s =0.4, 0.5, and 0.6 (which may correspond to the ef-
fect of antisymmetrically deflected ailerons located on the wing).
The nondimensional circulation I'7 (y) = ' (y)/[2bar U] is used
in this case.

In all of these cases, the present solutions are found to be in good
agreement with the panel method (Katz and Plotkin®) results.
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Fig. 8 Wings with antisymmetric incidence variation. Distribution of
T7()=T(y)[2barUs] along span for 1) linear incidence variation
a(y)=ary and 2) incidence changes caused by antisymmetric deflec-
tions of ailerons at three locations y = +s.



MATEESCU, SEYTRE, AND BERHE 459

0.6

0.5

=l

03

0.2

N

0.1

AR

0.5

0.4 fﬂ
s TSRS
- #T TSN

e 1~ — Present solutions
0 a,/a,=0

A\

AVANAN

0.1 o @, for, =0.25 | Panel method
Ao fa=05 | pnin®y |g=06l4=9
0 L : |
1 08 06 04 02 0 02 04 06 08 I

Fig. 9 Wings with asymmetric incidence variation caused by antisym-
metric aileron deflections: variation of T'g(y)=T'(y)/[2barU] along
span.

This further confirms the utility of the functions ﬁk(s, y)—

ﬁk (s, —Y), representing the specific contributions of the antisym-
metric changes of the wing incidenceat y =s and y = —s.

B. Wings with Asymmetric Incidence Variation

In many flight conditions asymmetric incidence variations can
occuras aresultof the combined effects of the wing incidence, sym-
metrically deflected flaps, and antisymmetrically deflected ailerons.
In this case the wing circulationdistributionis given by the general
solution (12), or, alternatively, it can be obtained by a convenient
summation of the symmetric and antisymmetric solutions (19), (24),
and (27).

The solutions for wings with asymmetric incidence distribution,
generated by a symmetric wing incidence and antisymmetrically
deflected ailerons, are illustratedin Fig. 9 forrectangular(¢g = 0) and
trapezoidal (¢ = 0.6) wings of aspectratio A =9 with the incidence
distribution

a(y) =ag + H(s, y)as — H(s, —y)a, (29)

where s =0.5. The nondimensional circulation f'R(y) =I'(y)/
[2barUy] is used in this figure to compare the influence of the
antisymmetric incidence changes a4 /ag =0, 0.25, 0.5, and 1. One
can notice that all circulationdistributions for the trapezoidal wings
have a slope discontinuity at y =0, in contrast to the rectangular
wings; this confirms the importance of the forced symmetry and an-
tisymmetry terms that are taken here into account for the first time
in this work.

The present solutions were found in good agreement, in all cases,
with the panel method (Katz and Plotkin®) results.

VI. Conclusions

A new method of solutionhas been presented for the incompress-
ible flow over finite-spanwings of arbitrary shapes. This new method
avoids the difficulties of the previous methods. Velocity singulari-
ties placedin the Trefftz plane are used to derive the contributionsof
the changes in the wing chord and incidence variations along span
to the solution of the spanwise distribution of the circulation.

New functions are derived for these contributions to provide a
correct mathematical modeling of the physical wing, and they con-

tain both natural and forced symmetry and antisymmetry terms.
Because of the forced terms, the circulation distribution of trape-
zoidal wings has a discontinuousslope at the root chord, in contrast
to that of rectangular wings. The new forced symmetry and anti-
symmetry terms and the new contributions of the changes in the
incidence and chord variations are absent in the previous methods.
Thus in the new method the solution has a high level of accuracy
and is free of spurious spanwise oscillations.

This new method is successfully validated by comparison with
the solutions obtained by Rasmussen and Smith?? and Carafoli* for
the rectangular and tapered wings of uniform incidence and with
the results of a panel method (Katz and Plotkin®). The method is
then used to obtain solutions of aeronauticalinterest for wings with
symmetric and antisymmetric incidence variations that might arise
as result of the deflections of the control surfaces, such as flaps and
ailerons. Solutions are also easily obtained for wings with curved
leading and trailing edges and variable incidence; the curved edges
of such wings are difficult to model in panel methods.

The new method provides very efficient, robust, and accurate
theoretical solutions in all cases studied, including the asymmetric
incidence variations that can occur in various flight conditions.
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